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A mathematical model of heat transfer has been developed and numerical calculations for a vertical surface
with discrete fins arranged in staggered order have been carried out. The model accounts for the influence of
the heat-conduction properties of the finning material and of the fin size on the conditions of heat transfer. A
comparison of the results obtained with the existing numerical and experimental data has been made. This
comparison shows that the discretization intensifies the heat-transfer process by 50–70%, and neglect of the
heat-conduction properties of the fins leads to overstated values of the removed heat fluxes.

One of the known methods of intensifying heat exchange on developed heat-exchange surfaces is the use of
finning with a periodic separation of the boundary layer at the initial stages of its formation where the local heat-trans-
fer coefficients are maximum. Such intensification is attained with the use of discontinuous finning with fins of small
size in the direction of the flow, which makes it possible to intensify the heat transfer of the finned surfaces by a fac-
tor of 1.5–2 in comparison with surfaces having a continuous finning [1, 2]. Nevertheless, theoretical and experimental
investigations of surfaces with a discrete finning for the conditions of forced and natural convection are few and ig-
nore a number of factors important for designing specific heat-exchange devices. In particular, for heat exchangers op-
erating under free-convection conditions (air heaters, cooling devices of radioelectronic equipment, heat accumulators,
and others) it is necessary to take into account the heat-conduction properties of the material from which the fins are
manufactured and their size. For example, the experimental investigation [3] has shown that neglect of the heat-con-
duction properties of the material from which the finned surface is manufactured leads to an overstated heat-exchange
intensification calculated for isothermic surfaces [4]. Taking account of the heat-conduction properties is important in
selecting the finning size; this being so, it is of interest to develop the methods for calculating discretely finned sur-
faces of finite conductivity. Below we develop a mathematical model and conduct numerical calculations for vertical
surfaces with a discrete finning arranged in staggered order for the conditions of free-convection heat exchange.

Let us consider a vertical surface with a discrete finning (Fig. 1). Assuming that the thickness of the fins is
small (δf << s) and ignoring the influence of the last rows of fins, we may separate an elementary portion of this sys-
tem of width s′ = s/2 (Fig. 2). Then we analyze the conditions of flow and heat exchange on the separated portion of
the heat-exchange surface. On the lower plate or on fin 1 (numbering of the fins is made for two neighboring rows,
beginning with the lower one), the boundary layer is formed due to the free-convection flow of the external heat-trans-
fer agent (Fig. 2). In the region of the trailing edge, the boundary layer is separated from the surface and above the
plate we have cocurrent flow (facula) which reaches the plate located higher (fin 3). A boundary layer characteristic
of mixed-convection flows is formed on the surface of plate 3. The profile of velocities and temperatures in this
boundary layer is formed under the action of two factors: (1) the flow due to the heating of the heat-transfer agent on
the surface of the plate and (2) the external forced cocurrent flow. The flow behind plate 3 develops as a result of the
interaction of the facula from plate 1 and the wake behind plate 3. We note that at a short distance from the separa-
tion the characteristics of the cocurrent flow depend no longer on the geometric and thermophysical properties of the
heat sources, and the determining factor is the heat power released by these sources. The mechanism of formation of
the boundary layer on plate 5 is similar to that on plate 3.

Upon coalescence of the cocurrent flows, the velocity profile is equalized in the neighboring rows in the in-
terfin space and it may be considered to a first approximation as being constant in the cross section. In this case, the
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velocity changes along the height of the interfin channel. Starting from the analysis of the hydrodynamics and heat ex-
change in the interfin channel, we develop a mathematical model of the heat-transfer process for the separated portion
of the finned surface (Fig. 2).

In thermally thin fins (Bif = α
__

δf
 ⁄ λf << 1) for which the condition l << h is fulfilled, the heat transfer is de-

scribed by the equation

 
∂2θi

∂Z
2  = 

2h
2

λfδf

 qi (θi, X, Z) ⁄ (T0 − Tg∞) ,   i = 1, 2, ..., n . (1)

On condition that the heat loss from the face is neglected, the corresponding boundary conditions have the form

θi (Z = 0) = 1 ,   
∂θi

∂Z



 Z=1

 = 0 , (2)

where i is the number of the fin. The values of the local heat fluxes qi(θi, X, Z) removed from the surface of the ith
fin depend on the conditions of flow and heat exchange. Let us consider these conditions. For fin 1, the density of the
removed heat flux is determined by the expression

q1 (θ1, Z) = α
__

1 (Z) (T1 − Tg∞) . (3)

The heat-transfer coefficient averaged over the width of the fin α
__

1 = Nulλg
 ⁄ l is found from the formula [5]

Nul (x) = c (Pr) Grl
1 ⁄ 4 , (4)

where the parameter c(Pr) has the following form:

c (Pr) = 


Pr

2.435 + 4.884 Pr
1 ⁄ 2 + 4.953 Pr





1 ⁄ 4
 . (5)

In the region of the wake immediately behind fin 1, the velocity and temperature profiles are complex in character [5].
However, as has been noted above, at small distances from the trailing edge of the plate, the flow in the region of the

Fig.1. Diagram of the surface with discrete fins.

Fig. 2. Diagram of flow in the interfin channel [1–5) numbering of fins].
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wake has all the indications characteristic of the faculae from linear heat sources and is independent of the geometry
of the source [5]. In this case, because of the small width of the fins it may be assumed that the line of the point
source is coincident with the axis line of the fin and has a coordinate x1 = l/2. To calculate the cocurrent flow from
the linear heat source, we assume that the cocurrent flow is self-similar and use the solutions presented in [6]. In this
case, the longitudinal component of the flow velocity, the temperature of the heat-transfer agent on the axial line, and
the thickness of the boundary layer for the cocurrent flow are equal to

U1x = 




2gβQ1 (Z)
cpI





2 ⁄ 5

 




x − l ⁄ 2
µρ





1 ⁄ 5

 fN
 ′  (η = 0) , (6)

Tg1 − Tg∞ = 







Q1
4

64gβρ2µ2
cp

4
I
4








1 ⁄ 5

 (x − l ⁄ 2)−3 ⁄ 5 , (7)

δg1 = 




16µcpIν2

gβQ1





1 ⁄ 5

 ηe (x − l ⁄ 2)2 ⁄ 5 , (8)

where fN
 ′  is the derivative for the self-similar variable fN(η); the velocity of the flow Ux = ∂ψ ⁄ ∂y is determined in

terms of the stream function ψ = 4ν 
4√ Grx

 ⁄ 4  fN(η), ηe is the value of the self-similar variable η = 
y
x

 
4√ Grx ⁄ 4  at the

boundary of the boundary layer for the cocurrent flow; I =  ∫ 
−∞

∞

 f ′(η)θg(η)dη, θg = (Tg − Tg∞)/(Tg1 − Tg∞);  Tg1 =

Tg(y = 0) is the temperature on the axial line of the cocurrent flow [6].

The power of the linear heat source representing fin 1 is equal to

Q1 (Z) = 2q1 (Z, T1) l . (9)

Fin 3 is in the cocurrent flow from fin 1, and the density of the heat flux in the cross section Z, removed from its
surface, is determined by the expression

q3 (T3, Z) = α
__

3 (Z) (T3 − Tg1) . (10)

As is shown in [7], the heat-transfer coefficient for the mixed-convection flow α
__

3(Z) can be determined from the re-
lation

α
__

3 = α
__

3,N 1 +  α
__

3,F
 ⁄ α

__
3,N



3


1 ⁄ 3
 . (11)

In the case of free convection, the heat-transfer coefficient α
__

3,N is determined according to (4); for the forced
convection component α

__
3,F = Nu3,Fλg

 ⁄ l it is determined from the formula [8]

NuF = 0.661 Pr
0.33

 Rel
1 ⁄ 2 . (12)

It is assumed that the width of the fin is small in comparison with the width of the cocurrent flow and the velocity
of the cocurrent flow on the axial line can be used as Ux. Heat exchange on the surface of fin 5 and on the surface
of fin 3 occurs in the cocurrent flow, has two components of the heat flux, and is calculated by the same method. The
difference is that the cocurrent flow is formed in the case where there are two sources (fins 1 and 3) in it. These
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sources may be considered as a certain total heat source with a power Q1 + Q3 located on the line with a coordinate
x = x3. To calculate the dynamic and thermal characteristics of the cocurrent flow for the new efficient source, in ex-
pressions (6)–(8), instead of Q1, we should write Q1 + Q3, where Q3(Z) = 2q3(Z, T3)l is the power of the second linear
heat source (fin 3), and use the quantity x = x3 instead of x1 = l/2. Let us determine the value of the coordinate of
formation of the heat source x3. Assuming that the thickness of the boundary layer for the cocurrent flow from two
sources is equal to the thickness of the boundary layer for the cocurrent flow from the lower source, from the condi-
tion δg1(x = 3l) = δg2(x = 3l) we find the coordinate x3:

x3 = 3l − (1 + Q3
 ⁄ Q1)

1 ⁄ 2 (3l − x1) . (13)

For the subsequent fins in one row (i ≥ 5), the method of heat calculation of fins remains the same. In calcu-
lating the velocity and temperature of the flow on the axial line and of the thickness of the boundary layer for the
cocurrent flow near the ith fin, formulas (6)–(8) take the form

Uix = 




2gβ (Q1 + Q3 + ... + Qi)
cpI





2 ⁄ 5

 




x − xi

µρ




1 ⁄ 5

 fN
 ′  (0) , (14)

Tgi − Tg∞ = 







(Q1 + Q3 + ... + Qi)
4

64gβρ2µ2
cp

4
I
4








1 ⁄ 5

 (x − xi)
−3 ⁄ 5 , (15)

δgi = 




16µcpIν2

gβ (Q1 + Q3 + ... + Qi)





1 ⁄ 5

 ηe (x − xi)
2 ⁄ 5 ,   i = 3, 5, 7, ... , (16)

where the power of the linear heat source for the ith fin is Qi = 2qil; the density of the heat flux removed from the
surface of the ith fin is determined by the expression

qi (Ti, Z) = α
__

i (Z) (Ti − Tg,i−1) , (17)

and the coordinate of the total heat source xi is found from the formula

xi = il − 



1 + 

Qi

Q1 + Q3 + ... + Qi−2





1 ⁄ 2

 (il − xi−2) ,   i = 3, 5, 7, ... . (18)

For the fins of the neighboring row, the calculation of the thermal and dynamic characteristics of the cocur-
rent flow before the line of coalescence of the flows remains the same. Taking into account the fact that in the case
of staggered arrangement of the fins, the neighboring rows are shifted by l, in expressions (3)–(18), instead of the co-
ordinate x, we should use x − l, and the subscript i takes the values i = 2, 4, 6, ... instead of the values i = 1, 3, 5,
... . The above-described method of calculation of heat transfer is used before the line of coalescence of the cocurrent
flows. Taking into account the shift of the neighboring rows of fins, we determine the coordinate of the point of coa-
lescence of the cocurrent flows xc

δgm (xc) + δgm (xc − l) = s ⁄ 2 , (19)

where the subscript m is the number of the fin, near which the cocurrent flows coalescence. It is assumed that after
the coalescence of the boundary layers, the velocity and the temperature of the flow are equalized in the cross section
between the rows of the fins, and in the calculations we use their average values and the flow is close to the devel-
oped flow in the channels, where the following equations of transfer of momentum and energy are true [9]:
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µ 
∂2

U

∂y
2

 = − gβρ (Tg − Tg∞) + 
∂p

∂x
 , (20)

ρcpU 
∂Tg

∂x
 = λg 

∂2
Tg

∂y
2  . (21)

Let us integrate Eq. (20) over the channel width, taking into account the relations

µ 
∂U

∂y


 y=0

 = τ (x) ,   
∂U
∂y



 y=s ⁄ 2

 = 0 , (22)

where the local shear friction stress on the fin surface for forced flow in the case of formation of a boundary layer
on the fin surface is determined by the expression [10]

τ (x) = µU √ U
νx

 fF
 ′′

 (0) , (23)

and fF ′′ (0) is the value of the second derivative of the self-similar variable fF(η) on the fin surface. Equation (20),
when integrated with respect to the variable y, takes the form

∂p
_

∂x
 = − τ (x) + gβρ (T

__
g − Tg∞) . (24)

Let us integrate Eq. (24) with respect to the coordinate x within the width of an individual fin and obtain the change
in the pressure on this portion:

∆p
_

i = − 4fF
 ′′

 (0) ρν2
 (sl)−1

 Reil
3 ⁄ 2 + gβρ∆T

__
gi ,

(25)

where ∆T
__

gi is the change in the temperature of the external flow on the portion considered.
The averaged temperature of the heat-transfer agent in the channel T

__
gi is found upon integration of Eq. (21)

over the channel width with allowance for the boundary conditions

λg 
∂Tgi

∂y



 y=0

 = α
__

i (Ti − Tgi) ,   
∂Tgi

∂y



 y=s ⁄ 2

 = 0 . (26)

Assuming that the temperature of the heat-transfer agent in the region of developed flow differs insignificantly from
its average value, upon averaging we have

ρcpUi 
∂T
__

gi

∂x
 = α

__
i (Ti − T

__
gi) . (27)

Upon integration of Eq. (27) in the direction 0x over the width of the ith fin on the assumption that Ui changes in-
significantly on this portion we find

T
__

gi (x = il) − Ti = (T
__

g,i−1 (x = (i − 1) l) − Ti) exp 



− 

α
__

il

ρcpUi




 . (28)

When the temperature of the external flow in the region of developed flow is determined, calculation is per-
formed from the coordinate of coalescence of the cocurrent flows, and the temperature of the heat-transfer agent
T
__

g(x = xc) is averaged over the cross section of the cocurrent flows for the neighboring rows:
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T
__

g (x = xc) = 
2
s

 










∫ 
0

yc

Tg (x = xc, y) dy +  ∫ 
yc

s ⁄ 2

 Tg (x = xc − l, y) dy










 , (29)

where xc, yc = δgc are the coordinates of coalescence of the cocurrent flows. Upon passage to the variable η in the

integrals of expression (29), using formula (15) and taking into account that at the point of coalescence of the cocur-

rent flows ηe = 
yc

xc
 
4√Grxc

 ⁄ 4  and ηe = 
s ⁄ 2 − yc

xc − l
 

4√Grxc−l
 ⁄ 4 , we determine the average temperature of the flow

T
__

g (x = xc) = Tg∞ + 
2R

s
 

















ν (Q1 + Q2 + ... + Qm−1)3

4g
2β2ρ3

cp
3
I
3








1 ⁄ 5

 (xc − xm−1)−1 ⁄ 5

+ 







ν (Q2 + Q4 + ... + Qm−2)3

4g
2β2ρ3

cp
3
I
3








1 ⁄ 5

 (xc − xm−1 – l)−1 ⁄ 5









 ,

(30)

where R = ∫ 
0

ηe

 θg(η)dη, that can be calculated with the use of the relation [6]

  ∫ 
0

ηe

 θg (η) dη = 
16
5

  ∫ 
0

ηe

 fN
 ′

2

 (η) dη .

Taking into account that the velocity of flow in the interfin channel changes from fin to fin, we determine its
value near the ith fin. Assuming that the velocity, temperature, and pressure of the region of developed flow change
insignificantly in the cross section of the channel and Ui(x, y) C U

__
i(x), Tg(x, y) C T

__
g(x), and p(x, y) C p

_
(x), we integrate

Eq. (20) with respect to the variable y and determine the velocity of the flow:

Ux = 
1
2

 




gβρ
µ

 (T
__

g − Tg∞) − 
1
µ

 
∂p
_

∂x




 (sy − y

2) . (31)

Upon averaging of the velocity over the channel width, we assume that ∂p
_

i
 ⁄ dx C ∆p

_
il

 ⁄ l on the portion equal to the
width of the ith fin and find the change in the velocity on the portion:

∆U
__

ix = 
1

12
 




ν
s
 Grs 

∆T
__

ig

T0 − Tg∞
 − 

s
2

µ
 
∆p

_
il − ∆p

_
i−1,l

l




 . (32)

The velocity in the region of developed flow is calculated from the point of joining of the cocurrent flows
and its change on the portion ∆x = l for the ith fin is determined from formula (32). The initial value of the velocity
in this region is found by averaging the velocity of the cocurrent flows at the point of coalescence of the boundary
layer for the neighboring rows of fins:

U
__

x (x = xc) = 
2
s

 










 ∫ 
0

yc

 Ux (x = xc, y) dy +  ∫ 
yc

s ⁄ 2

 Ux (x = xc − l, y) dy










 . (33)

As a result of the averaging, upon passage to the self-similar variable, using relation (14) we have

U
__

x (x = xc) = 
2J

s
 















4
3
gβν2

 (Q1 + Q2 + ... + Qm−1)

ρcpI





1 ⁄ 5

 (xc − xm−1)3 ⁄ 5
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+ 




4
3
gβν2

 (Q2 + Q4 + ... + Qm−2)

ρcpI





1 ⁄ 5

 (xc − xm−1 − l)3 ⁄ 5









 ,

(34)

where J = f(ηe) C f(∞) [6].
Since Eqs. (20) and (21) are interrelated, to refine the averaged values of the flow velocity and the tempera-

ture of the heat-transfer agent in the region of developed flow we organized the iteration procedure for calculating
these values.

Thus, the problem of calculation of the heat exchange in the vertical surface with a discrete finning is reduced
to the calculation of the velocity and temperature of the cocurrent flow in the interfin channel and the calculation of
the heat transfer in individual fins according to Eq. (1). The densities of the heat flux qi (i = 1, 2, ..., n) are deter-
mined by expressions (3), (10), and (17). The calculation is carried out in each zone from fin to fin, beginning with
the first fin (Fig. 2). From Eq. (1) we determine the temperature characteristics of the fin. Then, we find the dynamic
and thermal characteristics of the cocurrent flow by the above-described method and use them to calculate the tem-
perature of the second fin, and so on.

A numerical calculation of Eq. (1) with boundary conditions (2) was carried out with the use of the Runge–
Kutta scheme [11]. Some results of the numerical calculation for the surface with discrete steel fins having dimensions
50 × 5 × 0.5 mm are presented in Figs. 3–6. In particular, Fig. 3 shows the dependences of the number Nus =
α
__

s ⁄ λg on the parameter Grss ⁄ L for the surfaces with a discrete finning for different numbers of fins n in the adjacent
rows along the height of the finned system. An analysis of the dependences obtained shows that, increasing the num-
ber of fins (or decreasing their length l), one can intensify the process of heat exchange of the surfaces considered. As
follows from Fig. 3, an increase in the interfin space s and a decrease in the vertical dimensions of the base L leads
to an increase in Nus. The quantitative estimates of the intensification process for  discrete fins, made for the number
of fins n = 25 and the values of the parameter Grss ⁄ L D 104, show that, in comparison with continuous plates, the use

Fig. 3. Dependence of the Nus number on the parameter Grss ⁄ L for different
numbers of fins in the adjacent rows: 1) surface with a continuous finning; 2)
n = 10, 3) 25, and 4) 50.

Fig. 4. Comparison of the experimental and calculated values of the Nus num-
ber: 1) continuous finning [11]; 2) experimental data [3]; 3) calculated curve.
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of discrete fins makes it possible to increase Nus by approximately 40%. An increase in the number of fins to n  =
50 leads to an increase of 68% in Nus. It is of interest to compare the results obtained with the available data of the
theoretical calculations for the analogous system of discrete fins with a constant temperature of the surface [4]. As fol-
lows from the comparative analysis, neglect of the real distribution of the temperatures along the fin height leads to
errors toward overstating the degree of intensification. For example, according to [4], at n = 50 and Grss ⁄ L D 104 the
total heat flux removed from the surface increases by approximately 90% in comparison with a continuous finning,
which exceeds the values obtained in the present investigations by more than 20%.

Figure 4 shows the calculated and experimental data for the Nus numbers [3] obtained for the surface with
steel fins with dimensions 50 × 11 × 1 mm for different numbers of fins in the neighboring rows along the height of
the system. As follows from the figure, the calculated and experimental data are in satisfactory agreement. The maxi-
mum calculation error does not exceed 10–15%. Figure 4 also shows the experimental dependence [12] for vertical
surfaces with a steel continuous finning. As follows from the comparison, the maximum intensification that is attained
by discretization of the finning is 50–70%.

It is of importance to determine in what regions of the finned surface the heat removal is maximum and to
make comparative estimates of the removed heat flux along the height of the system. Figure 5 shows the dependences

Qxi
 ⁄ Q, where Qxi =  ∑ 

j=0

i

 ∫ 
0

h

 α
__

j(Tj − T
__

gj)dz is the heat flux removed from the region of the vertical surface of length xi

= il and Q =  ∑ 

i=1

n

 ∫ 
0

h

 α
__

i(Ti − T
__

gi)dz is the total heat flux removed from the surface. The main heat removal occurs in

the lower region of the radiator. For example, at n = 25, about 40% of the entire removed heat flux is removed from
the surface of length 0 ≤ x ⁄ L ≤ 0.2, which is a fifth of the total surface, and 75% of Q is removed from the surface

0 ≤ x ⁄ L ≤ 0.5, i.e., from half of the total heat-exchange surface. For n = 50, these values are even higher. Conse-
quently, in designing such surfaces it makes sense to decrease the vertical dimensions of the finned system.

Figure 6 shows results of the comparison of the calculated and experimental data [3] for the temperature dis-
tributions along the height of the steel fins with dimensions 50 × 11 × 1 mm on different portions along the height
of the vertical base of length L = 500 mm with a staggered arrangement of the discrete finning. The largest decrease

Fig. 5. Dependence of the quantity Qxi
 ⁄ Q on the longitudinal coordinate X for

the surface with a discrete finning: 1) n = 10, 2) 25, and 3) 50.

Fig. 6. Temperature distributions in the fins located on different portions of the
base (I) calculation, II) experiment [3]): 1) i = 1, 2) 25, and 3) 49.
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in the temperature head is observed for the lower fins and the smallest decrease is observed for the fins in the upper
region of the finned surface. The difference between the calculated and experimental distributions does not exceed
15%.

NOTATION

x, y, z, running coordinates; T, temperature; q, density of the removed heat flux; p, pressure; h, height of the
fin; l, width of the fin; L, vertical dimension of the finned surface; s, interfin distance; U, velocity of flow; g, free-fall
acceleration; Q, total heat flux or power of the heat source; δ, thickness; ρ, density of the external heat-transfer agent;

λ, thermal-conductivity coefficient; α, local heat-transfer coefficient; α
__

, mean heat-transfer coefficient; µ, kinematic co-

efficient of viscosity; ν, dynamic viscosity; η, self-similar variable and efficiency of the fin; β, coefficient of volumet-

ric expansion; τ, local shear friction stress; cp, specific heat capacity; n, number of fins in the adjacent rows; X = x/L,

Z = z/h, dimensionless coordinates; θ = (T − Tg∞)/(T0 − Tg∞), dimensionless temperature; Bi = αδ ⁄ λ, Biot number; Nu,

Nusselt number; Grx = gβ(T − Tg∞)x3 ⁄ ν2, Grashof number; Pr, Prandtl number; Rex = Ux ⁄ ν, Reynolds number; T
__

g =

2
s

  ∫ 
0

s ⁄ 2

 Tgdy, U
__

 = 
2
s

  ∫ 
0

s ⁄ 2

 Udy, and p
_

 = 
2
s

  ∫ 
0

s ⁄ 2

 pdy, temperature, velocity, and pressure of the flow averaged over the cross

section. Subscripts: N, free (natural) convection; F, forced convection; f, fin; 0, base of the fin; ∞, environment; g, ex-
ternal heat-transfer agent; s, surface; e, boundary of the boundary layer; c, coalescence of cocurrent flows.
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